Abstract-An optimization scheme is developed for a cosine modulated perfect-reconstruction (PR) filter bank that is tailored to mitigate the effects of narrowband radio frequency interference (RFI). The conventionally used optimization criterion for bandpass filtering is to maximize the sidelobe attenuation by minimizing the stopband energy and minimizing the maximum stopband ripple. The proposed optimization scheme is designed particularly to combat RFI with completely known or partially known statistics. Simulation results for the scenario of strong narrowband RFI show that the proposed optimization scheme offers about 14% improvement in the system's data throughput when compared to the traditional schemes.
I. INTRODUCTION
Multi-carrier modulation (MCM) techniques are widely used in Digital Subscriber Loop (DSL) communications because of their capability to combat frequency-selective channels. The most commonly used modulation scheme is Discrete Multi-tone (DMT), which uses rectangular truncated sinusoids of mutually orthogonal frequencies as sub-carrier waveforms. Although it benefits from an efficient implementation using DFT, its sub-carriers exhibit poor spectral containment. The overlap between sub-carriers results in performance degradation, especially in the presence of RF interference (RFI).
RF sources which share the same spectra with DSL could cause strong interference and significantly degrade the system performance. According to [1] , as many as 30% of residential DSL systems in the US experience RFI at the levels of -30dBm or above. Several schemes have been proposed to address such interference problems. A commonly adopted solution is to filter the sub-carriers with raised cosine windows, thus further limiting their spectral containment and allowing them to be more robust to narrowband RFI. However, the waveforms after windowing still have relatively high energy in their first sidelobe [2] . Wavelet packet based multi-carrier modulation (WP-MCM) is proposed as an alternative modulation scheme with better spectral containment [3] , [4] . However, the tree structure filter bank results in mirror image spectral properties, which makes it difficult to implement the frequency-division duplex (FDD) required for a standard DSL application [5] . Discrete Wavelet Multi-tone (DWMT) is fundamentally the same as WP-MCM because they both enable the symbol to extend beyond the transform size while still maintaining orthogonality. However, DWMT transceivers use a cosine modulated filter bank (CMFB), which is a parallel structure filter bank, so that all the sub-carriers have the same bandwidth and evenly shifted central frequency. Further, DWMT requires a simple equalizer with only two taps per sub-carrier [6] and is thus a more practical scheme than WP-MCM.
The prototype filter design is crucial in DWMT because it determines the frequency selectivity of the sub-carriers. A common approach to optimize the filter design is to maximize the stopband attenuation, leading to two filter design criteria: least square (LS) and peak-constrained or minimax method [7] - [10] . The former tries to minimize overall stopband energy and the latter aims at minimizing the maximum stopband ripple. Optimization involving minimizing inter-symbol interference (ISI) and inter-carrier interference (ICI) has also been studied [11] . Although suppressed stopband frequency response can lead to improved robustness against RFI, its optimality in minimizing the effect of RFI is not proven.
In this paper, we propose an optimal RF interference mitigation scheme for DWMT. The optimization is performed in two cases: i) The RFI is caused by static and predictable sources such as AM broadcast radio, and ii) The RFI is caused by unpredictable sources such as amateur (ham) radio. In the former case, a training sequence can be sent periodically to obtain knowledge of the RFI signal such as its center frequency. In the latter case, or if increased system complexity is not desirable, a training sequence is not implemented. In this case, we assume the center frequency of the RFI is confined in a certain known frequency range, with bandwidth that is narrower than the system bandwidth. The prototype filter optimization is based on a lattice filter structure, and thus the CMFB can be calculated with low computational complexity [9] . A performance comparison of the proposed optimization scheme with other commonly used optimization schemes, as well as WP-MCM and DMT systems, is also provided and demonstrates the superiority of the proposed optimization scheme. The relationship between the system performance and the center frequency of the RFI is also studied. 
II. DISCRETE WAVELET MULTI-TONE (DWMT)
The structure of the analysis and synthesis filter banks of a DWMT is shown in Figure 1 , where M denotes the number of sub-channels. The frequency responses of the subband filters H i (ω), i = 0, 1, . . . , M − 1 are obtained by shifting in frequency domain the frequency response of the prototype filter H(ω) (with impulse response h(n)) [12] :
where θ = −(i + 0.5)
and N is the length of the prototype filter. Therefore, the prototype filter H(ω) is the only system parameter that we need to compute and optimize. There are two important considerations in the selection of the prototype filter. First, since DWMT is a MCM system with overlapping symbols in time domain, orthogonality between sub-carriers and symbols can avoid ICI and ISI and achieve perfect reconstruction (PR). Second, high frequency selectivity is preferred for the prototype filter to increase the immunity to RFI. It can be proven that PR can be ensured by using a cascade of multiple two-channel lossless lattice structures and the filter coefficient can be optimized by appropriately selecting the parameters of the lattices [13] .
The commonly adopted optimization criteria are to minimize the stopband energy, minimize the maximum stopband energy or a combination of the two criteria. The corresponding objective functions of the optimization are given as:
where δ < π/2M . The general design procedure using the lattices approach is as follows. • After initialization, optimize the lattice coefficients to minimize Φ 1 to obtain the solution with minimized stopband energy.
• Based on the prototype filter derived in the last step, optimize the lattice coefficients to minimize Φ 2 to obtain the solution with minimized maximum stopband ripple. Figure 2 shows an example of a prototype filter response before and after the two steps of optimization. The corresponding sub-carriers spectrum of the DWMT based on the optimization method are shown in Figure 3 .
III. A OPTIMIZATION SCHEME FOR DWMT
The optimization criterion mentioned in Section II may be optimal to minimize crosstalk in DSL or interference in the applications of cognitive radio, but not necessarily in the presence of narrowband RFI. Since the RFI is relatively narrowband compared with the sub-carrier bandwidth, having low stopband energy may not be superior to having higher sidelobes with notches at the central frequency of interferer. In the case when the RFI is caused by continuously active sources, such as an AM broadcast station, it is possible to track the central frequency of the RFI disturber and adaptively optimize the DWMT [14] .
Let x i denote the data sequence on the i th sub-channel and F i (e jω ) denote the frequency response of the i th synthesis filter, where i = 0, 1, . . . , M −1. The frequency representation Y of the transmitted signal y is given by,
Let H k (e jω ) denote the frequency response of the k th analysis filter. The output V k of the k th analysis filter equals
where H c (e jω ) is the channel frequency response and C(e jω ), n(e jω ) are the frequency representations of the RFI and noise respectively. In (6), the interference power equals:
Substituting from (2) for H k , (7) can be rewritten as:
+H(e j(ω+
Since the system is designed to adapt to the time varying interference, the optimization algorithm must be computationally efficient to keep pace with the variations in the interference. To reduce the complexity of the optimization algorithm, it is assumed that the RFI is a delta function located at its central frequency and thus its bandwidth, which is approximately 1-2kHz due to the dominant low frequencies of the typical music signal, is ignored. We do not make this assumption in the numerical simulations where the effect of realistic RFI is studied. Therefore, (8) can be further simplified as:
where ω c denotes the normalized central frequency of the RFI. It should be noted that the amplitude of the RFI is normalized to one since it is common to all sub-carriers and thus does not affect the optimization result. To minimize the power of the RFI at the receiver, (9) is the cost function of the proposed optimization criterion when the central frequency of the RFI is known. The optimization procedure with deterministic RFI can be formally stated as follows.
• Initialize the prototype filter as a rectangular window, which has stopband attenuation A s 13 dB and stopband edge ω s < π/M.
• Select the lattice coefficients to minimize Φ det the RFI power at the receiver, where Φ det can be expressed as: The central frequency, ω c , of the RFI is obtained by sending a training sequence and observing the noise on each subchannel at the output of the analysis filters. To reduce the computational complexity for long length prototype filters, the optimization can be divided into a two-step procedure: In the first step we can optimize a portion of the lattice sections and in the second step we can optimize for the remaining lattice sections [9] . The implementation and complexity of the optimization using the lattice filter structure is studied in [9] . Figure 4 shows an example of the sub-carrier spectrum of the DWMT using the proposed optimization. In this case, the RFI is located at a normalized frequency of 0.224 (vertical line in the plot). For a fair comparison, the filter length and the initial filter coefficients of this DWMT system are the same as the one in Section II. Unless otherwise specified, we use the same initial coefficients for all the comparisons made between DWMT systems using different optimization criteria. The DWMT system based on the proposed optimization scheme does not have higher overall frequency selectivity, since it has the same maximum sidelobe ripple, and also has more spectral overlap between sub-carriers, as compared with Figure 3 . In contrast, its frequency containment is optimized to ensure that the RFI falls in the notches of most of the sub-carriers, leading to its reduced impact. Simulation results that demonstrate the superior performance of this scheme are presented in Section IV.
In some practical scenarios, the statistics of the RFI are not available. For example, if the RFI is caused by amateur radio instead of AM broadcast radio, the center frequency of the RFI can be unpredictable [14] . The reason for this unpredictability is that a ham radio operator produces a carrier only when talking and may also change the transmission frequency at any time. Besides, when the training sequence is not available for RFI estimation or there are more than one RFI sources, the optimization algorithm introduced above may be impractical. Assuming the central frequency of the RFI is unknown but the frequency band of the interference is known (which is appropriate for the scenario of amateur radio being the source of RFI), the cost function becomes the mean RFI power. Hence, the optimization procedure with probabilistic model can be formally stated as:
• Initialize the prototype filter using the same parameter as the optimization with deterministic model. • Optimize the lattice coefficients to minimize Φ prob to obtain the solution with minimized RFI power at the receiver, where Φ prob can be expressed as:
In this case, the normalized central frequency of the RFI is assumed to be uniformly distributed in the range
An example of sub-carrier spectrum of the DWMT system using the probabilistic cost function is shown in Figure 5 . The normalized frequency range of the RFI is from 0.2057 to 0.24, which is represented by the range between two vertical lines. This is derived from the ham band of a system with sampling frequency of 17.5 MHz [15] . As we can see, most sub-carriers have sidelobe notches in this the frequency band, which can minimize the effect in it.
IV. SIMULATION RESULTS
A MCM system is simulated using three different modulation schemes: DMT, WPM (Coiflet-2 wavelets), and DWMT. Further, we consider three optimization approaches for DWMT -the commonly used minimization of stopband energy, and the two proposed optimization schemes. The MCM system has 128 sub-carriers and the transmitted signals have an average PSD of -36.5 dBm/Hz and a bandwidth of 8.75 MHz. The channel is modeled as a 3000 feet, 26 gauge DSL channel and the receiver noise is modeled as AWGN with PSD of -130 dBm/Hz. The RFI interferer is an amateur radio signal (50% AM modulated carriers with a 4000 Hz tone) with a power level of -25 dBm. Since the central frequency of the RFI may affect the performance of the system, simulations are performed at various RFI central frequency locations within the ham radio band. Figure 6 shows the achievable data rate of various modulation schemes for different RFI central frequencies. The corresponding average achievable data rates are given in Table I . The data rate is expressed in percentage as the average achievable data rate with RFI over the average achievable rate without RFI. The achievable data rate is calculated based on SNR gap analysis, with the assumption of coding gain being 3.2 dB and margin being 6 dB [16] . It is clear that the DMT system without any windowing has the lowest data rate, whereas the proposed optimization approach with deterministic model achieves the highest throughput, which is about 14% higher than what is achieved with the commonly used optimization scheme. With lower complexity, by avoiding the filter coefficient adaptation and the training process, the proposed probabilistic optimization scheme still outperforms the commonly used optimization scheme. It should be noted that although the WP-MCM system has a high throughput, its incompatibility with FDD makes it impractical for DSL applications. By contrast, the proposed DWMT system not only outperforms the WP-MCM system but is also compatible with FDD operations. The ripples in Figure 6 indicate that the center frequency of the RFI affects the performance of the MCM system. For DMT, higher data rates can be achieved when the RFI is located at the center of the main lobe of a sub-carrier, because that's also the location of notches between sidelobes of other sub-carriers. Hence, in this case it mostly affects only one subchannel. On the other hand, the system performs the worst when the RFI is located exactly in the middle between two main lobes, since both of the sub-channels would be affected, as well as the more distant subcarriers, whose sidelobes are not at their nulls at that location. However, a DWMT system with the proposed optimization approaches can achieve a higher data rate for both RFI centered at main lobe and RFI in the middle between two main lobes. The reason for this gain is that the DWMT systems have sparse sidelobes to avoid spectrum overlap with RFI. Figure 7 shows an example of the proposed DWMT system with probabilistic model, having sidelobe notches coinciding with the RFI, which is in the middle between two sub-carriers. By contrast, although the commonly adopted DWMT system may have lower overall stopband energy, it does not have sparse sidelobes to avoid narrow-band (Figure 8) . Furthermore, the optimization scheme used in the DWMT system with deterministic model exhibits a different adaptation capability to the RFI when the RFI is located at different frequencies, resulting in uneven ripples in its achievable data throughput. It is interesting to note that the WP-MCM system does not have a ripple pattern at its achievable data rate due to its unevenly distributed sub-carrier center frequency.
To further understand how the sub-carrier pulse shaping affects the vulnerability to RFI, the signal-to-interference-plusnoise ratio (SINR) of one particular case is shown in Figure 9 , with RFI located at 1.96 MHz. It can be clearly seen that, in the DMT and DWMT system with conventional optimization, the RFI affects almost all the low frequency sub-carriers. By contrast, only a limited number of sub-carriers with spectral overlap with the RFI suffer from SINR degradation with the proposed optimization approaches in the DWMT system.
V. CONCLUSION
An optimization scheme was proposed for the design of a cosine modulated filter bank system operating in the presence of narrowband RFI. The proposed scheme is evaluated in a realistic modified DSL system, where interference of such nature is often experienced. The presented simulation results validate that, under the influence of a single known in-band RFI source, the achievable data rate, when employing the proposed scheme, is about 14% higher than what is achievable with the conventional optimization scheme. In the case when only the frequency range of the interference source is known, the proposed optimization scheme still achieves higher data rates compared to traditional approaches. Future research will consider the combined effects of RFI, ICI, ISI and crosstalk. 
